We experimentally identify the magnetostatic modes active for Brillouin light scattering in the optical whispering gallery modes of a yttrium iron garnet sphere. Each mode is identified by magnetic field dispersion of ferromagnetic-resonance spectroscopy and coupling strength to the known field distribution of the microwave drive antenna. Our optical measurements confirm recent predictions that higher-order magnetostatic modes can also generate optical scattering, according to the selection rules derived from the axial symmetry. From this we summarize the selection rules for Brillouin light scattering. We give experimental evidence that the optomagnonic coupling to non-uniform magnons can be higher than that of the uniform Kittel mode.
I. INTRODUCTION
Brillouin light scattering (BLS) is an important technique for the study of magnons [1] , the elementary excitations of the magnetic order in ferromagnets [2] and antiferromagnets [3] . The energy and wavevector sensitivity of the technique allows, for example, mapping of dispersion relations [4] , including with spatial resolution [5] . As an experimental tool, BLS is typically used as a probe of magnetization dynamics, which are often excited by some other external stimulus.
In contrast, there is recent interest in taking magnon BLS to a new regime, in which the optical fields and magnetization dynamics are sufficiently strongly coupled that they cannot be treated independently. This is akin to the strong parametric coupling limit in optomechanics [6] , but with the mechanical harmonic oscillator replaced by a magnetic one. While strong coupling of magnons to GHz microwave-cavity photons is readily achieved [7] [8] [9] , similar levels of coupling to optical photons is more difficult to achieve. Efforts have focused on enhancing BLS in magneto-optical resonators [10] [11] [12] , exploiting the highly confined optical whispering gallery mode (WGM) resonances of polished ferrimagnetic yttrium iron garnet spheres [13] . In these experiments, a BLS enhancement is indeed observed [12] , and theoretical calculations show that, in a different geometry, strong coupling can in principle be reached [14] .
Experiments so far have focused on the Kittel mode, in which the magnetization precesses uniformly across the entire sphere. However, a recent theoretical analysis [15] showed that the enhanced BLS should be large for some spatially varying magnetic modes as well. Due to better spatial overlap with WGMs, these could be expected to have stronger optomagnonic coupling.
Here, we report experiments to detect and identify the BLS active magnetostatic modes in YIG spheres. These modes can be specified by selection rules given by the axial symmetry of the optical and magnetic modes involved in the scattering. The modes of interest in this paper, both optical and magnetic, are defined by the symmetry of the yttrium iron garnet sphere. The optical WGMs are specified by a set of indices {l, m, q} and σ. These indices give the number of radial (q − 1), azimuthal m, and polar (l − m) nodes in the electric field [16] . The linear polarization σ of the WGM is either horizontal h or vertical v w.r.t. the WGM orbit plane, also known as transverse magnetic (TM) and transverse electric (TE), respectively. There is a frequency splitting between h and v polarized modes due to the symmetry breaking associated with the interface at the surface of the sphere. Due to angular momentum conservation, BLS from magnons is forbidden between modes with equal polarization [17] . Therefore, as the WGMs modes are linearly polarized, scattering is always between orthogonal polarizations h ↔ v. The optical modes with large l, |m| ≫ 1 are localized in the x, y plane at the equator and form the WGMs, as shown in Fig. 1(a) .
The magnetostatic modes of the YIG sphere correspond to normal modes of the small dynamic component of the magnetization, transverse to the large static magnetization component along the static magnetic field direction. The mode forms are governed by dipolar interaction, and can be analytically calculated in the magnetostatic limit [18, 19] , where in addition the exchange energy is neglected due to the long magnon wavelengths relative the exchange length. They can be labeled by three indices {l m , m m , q m } where m m is the number of azimuthal nodes in the tangential component of the magnetization [20] . Fig. 1(b) shows the node-less Kittel mode. The other modes have additional nodal planes in the form of ellipsoids whose number and ellipticity is governed by l m and q m , respectively and are shown in Fig. 1(c-i) . In microwave experiments, strong coupling of several higher order modes to microwave resonators has been achieved [21] [22] [23] , despite the fact that only the Kittel mode has any net dynamic magnetization. This is possible due to inhomogeneity in either the microwave or the applied static magnetic field. In our experiments, we exploit both to allow us to drive various non-uniform magnetostatic modes.
As the wavelength λ ≈ 1310 nm of the light is much smaller than the radius of the sphere, a = 0.5 mm, the WGMs occupy a very narrow band around the equator ( Fig. 1(a) ). The scattering intensity therefore depends on (1) the intensity of the magnetostatic modes at the equator, and (2) the texture of the dynamic magnetization along the WGM path. The small proportion of the sphere occupied by the optical WGM is the primary reason for the low optomagnetic coupling strength of the Kittel mode.
II. EXPERIMENTAL SETUP
A schematic of the experimental setup is shown in Fig. 2 . A rutile prism coupler is used to optically excite the whispering gallery modes, while the magnetostatic modes are driven by a small loop antenna. The 1 mm diameter YIG sphere is mounted on a ceramic rod.
The WGMs are probed with a tunable external-cavity diode laser with linewidth ≈1 MHz. Due to the birefringence of the coupling prism, the reflected linearly polarized input beam and the polarization-rotated scattered beam are spatially separated and can be measured independently. The reflected beam is measured on a photodiode and is used to identify the WGMs. The polarization scattered light is passed through a scanning Fabry-Pérot etalon to spectrally resolve the BLS. Whilst in previous experiments [12, 13] we have studied both input polarizations, here we focus solely on measurements for h-input (TM) polarization, where better out-coupling of the BLS light from the birefringent coupling prism is achieved.
For microwave characterization of the magnetostatic modes, we measure absorption dips in the reflection coefficient |S 11 | of the loop antenna with a vector network analyzer. The static magnetic field is applied using a permanent NdFeB magnet. The magnitude of the magnetic field can be controlled by shifting the position of the magnet relative to the YIG sphere.
III. EXPECTED MODES ACTIVE FOR BLS
We briefly review the modes expected to be active for BLS in our experimental setup using recent theoretical calculations of the optomagnonic coupling constants [15] .
A photon in a
Stokes scattering is strongly suppressed [12, 15] . The constraints on the coupling constant G can be summarized as [15] ,
This expression effectively captures the mode matching between the three modes. The first factor gives a radial selection rule, q i = q o . The second factor is the Clebsch-Gordan coefficient governing the angular momentum conservation. For WGMs, m i ≈ l i and m o ≈ l o , while for the magnons excited by microwaves,
3 . Under such conditions, the optical interaction with the magnon occurs only in the thin band occupied by the WGMs near the equator. The long-wavelength nature of magnons therefore preserves the transverse field distribution of WGMs. This gives the radial selection rule above, and considering polar For significant coupling we require a non-zero magnon density at the equator, where WGMs reside. From explicit solutions [19] , the magnetostatic mode amplitudes vanish at equator for odd l m − m m (see Fig. 1(b-i) ).
Finally, we consider the energy conservation. The l o = l i + 1, l o = l i and l o = l i − 1 transitions have frequencies of 7 GHz, 40 GHz, and 50 GHz, respectively, fixed by the optical cavity free spectral range and geometrical birefringence. The linewidth of the WGM of ≈ 1 GHz is much smaller than the frequency spacing between these transitions, ensuring the selectivity of the resonance condition. In our setup the maximum field is ≈ 300 mT, corresponding to a ferromagnetic resonance frequency ≈ 8.5 GHz. Hence, only the l o = l i + 1 transitions are observed [12] . Comparing this resonance condition to l o − l i = m m derived previously, we therefore have m m = 1. The fact that l m − m m must be even then restricts l m to be an odd integer. While it is more difficult to couple microwaves to high l m modes, increasing l m typically increases the equatorial magnon density and hence, is likely to have higher optomagnonic coupling. We note that the equatorial magnon density also depends on q m , but its discussion is beyond the scope of this work.
In summary, the magnons expected to be active for BLS should have l m = 1, 3, 5, . . . and m m = 1. Note that the sign of m m in the allowed transitions is for the magnetic field direction shown in Fig. 2 , such that the angular momentum of the WGMs is parallel to the static magnetization. Similar arguments show that for the opposite magnetic field (or WGM circulation direction), the expected magnons should have l m = 1, 3, 5, . . . and m m = −1. For opposite input polarization, energy conservation leads to preferential Stokes scattering, but the same selection rules apply.
IV. IDENTIFICATION OF MAGNETOSTATIC MODES
The microwave reflection coefficient |S 11 | of the loop antenna [24] is measured in the experimental setup shown in Fig. 2 . Two complications hinder the labeling of the magnetostatic mode spectra: (1) the inhomegeniety of the static magnetic field of the permanent magnet. (2) The rutile coupling prism is a good microwave dielectric resonator that interferes with the magnetic resonance. Therefore, we first carry out a simpler experiment by transferring the loop antenna with YIG sphere (without the prism) into a separate electromagnet with uniform static magnetic field. The results are summarized in Fig. 3(a) . We follow Ref. 19 and plot the reduced frequency (ω − ω H ) /ω M + 1 /3, where the Larmor frequency ω H = γµ 0 H 0 is subtracted so that the dispersion can be seen more clearly. Here, the gyromagnetic ratio γ = 28 GHz/T and ω M = γµ 0 M YIG , with µ 0 M YIG = 180 mT. We use the {110} (Kittel) and {220} modes as magnetic field sensors, aligning them to their expected position in reduced frequency. These can be identified by their frequency separation ω M /15, which is independent of magnetic field and depends only on the saturation magnetization. The rescaled map of the observed microwave reflection coefficient |S 11 | is shown in Fig. 3(a) .
The positions of the resonances in Fig. 3(a) are plotted in Fig. 3(b) , along with expected mode frequencies [19] . There is clear agreement with several sets of points indicating that several non-Kittel modes are driven by the loop antenna (highlighted by colored lines). If the drive field distribution of this antenna were uniform, only the Kittel mode would couple to the microwave line. However, non-uniformity in the drive field allows other magnetostatic modes to be driven as well.
To help identify the observed magnetostatic modes, we numerically calculated the magnon mode overlap with the drive field distribution of the loop antenna treated as a current loop. All the modes labeled in Fig. 3(a) have microwave coupling strength greater than 0.1% of the Kittel mode, apart from the {521} and {210} modes which are much weaker in the model. For example, the relative microwave coupling strength for the {200} mode is estimated to be ≈4%.
Next, we transfer the YIG sphere and microwave antenna to the optical setup (with rutile prism removed) in which the static magnetic field is generated by a small permanent magnet since there is no room for an electromagnet. The differences between the measured |S 11 | in Fig. 3(c) and (a) are caused by the inhomogeneous dc magnetic field. We again use the {110} and {220} modes as sensors for the magnetic field distribution, which can be estimated by analytical expressions for a cuboid magnet [25] .
The non-uniformity of the static magnetic field leads to microwave absorption of additional modes and normal mode splitting at degeneracies, in particular between {110} and {200}. Nevertheless, the modes identified in Fig. 3(b) are easily recognized and labeled by the colored arrows. At higher magnetic fields, corresponding to the YIG sphere being closer to the permanent magnet, the increasing non-uniformity of the magnetic field further distorts the spectra.
Finally, we put the rutile coupling prism in place next to the YIG sphere. The prism is a good microwave dielectric resonator, so that the spectra in Fig. 3(c) are affected by a large number of additional spurious resonances. These do not depend on the magnetic field and have a negative slope since the Larmor frequency has been subtracted. Despite this, the magnetostatic modes can still be clearly identified.
V. BRILLOUIN LIGHT SCATTERING
Having identified the magnons that couple to the microwave antenna, we now discuss the optical measurements. We identify WGM resonances by varying the wavelength of the input light and measuring the reflected output in photodiode I, as shown in Fig. 4(a) . Dips are seen for the q = 1 mode family as well as a smaller peak for the q = 2 mode family [12] , where q is the radial index of WGM defined above. We apply a microwave drive at several of the magnetostatic mode frequencies identified in Fig. 3(c) and look for BLS. The polarization scattered light is spectrally resolved using a Fabry-Pérot etalon to identify the anti-Stokes BLS and measured on photodiode II. For each microwave resonance we sweep the input laser wavelength, some of the spectra are plotted in Fig. 4(b) . The peaks indicate enhanced BLS when the drive laser is resonant with a WGM.
A fit to the BLS peaks corresponding to the q = 1 mode is used to extract the maximum BLS for each FMR frequency. The results are plotted as a function of reduced frequency and positive and negative magnetic field in Fig. 4(c) and Fig. 4(d) , respectively. In addition to the Kittel mode, several magnetostatic modes also generate BLS above the noise level.
We take the data from Fig. 4(c,d) and set a suitable noiselevel threshold determined from a histogram of the measurement points. The measurement points with BLS above this threshold are plotted in Fig. 5(a) . Closed (open) circles indicate measurements at positive (negative) magnetic field. Using their dispersion from Fig. 3 , we identify the magnetostatic mode associated with each of the points. The relevant calculated magnetostatic mode frequency dispersion are plotted for comparison in Fig. 5(b) . For some points with negative field, mode identification has not been possible (gray points) due to the proximity of the overwhelming signal of the Kittel mode.
VI. COMPARISON WITH THEORY
We are now in a position to compare the observed mode frequencies with the model calculations. In Sec. III, we concluded that BLS should be observed for magnetostatic modes with odd l m and m m = +1(−1) for positive (negative) magnetic field, respectively. In addition to the Kittel mode {110}, we observe the {311} mode and, in the opposite field direction, the {311} mode, as expected. Additionally, we observe a signal for the {712} mode. We do not observe BLS for the {220}, {330}, {320} and several other magnetostatic modes identified in the microwave measurements, all conforming to the selection rules derived above.
On the other hand, the BLS by the {200} mode contradicts the model predictions. This is likely caused by the nonuniformity of the applied magnetic field discussed in Sec. IV. The m = 0 modes are particularly sensitive to inhomogeneities that break axial symmetry, as they are identical with spin-waves in the bulk material [26] . In theory, all that is required to allow BLS would be a small lateral shift in the {200} mode function with respect to the center of the sphere. This is plausible given the magnetic field inhomogeneity. The axial symmetry breaking also allows resonant coupling to the 110 mode [26] , which is evidenced in our microwave experiments as a normal mode splitting between the {200} and {110} modes (cf. Fig. 3(c) and Fig. 3(a) ). Note that the BLS scattering from the 200 mode is still observed far from the anticrossing, indicating that this effect is not simply due to resonant admixing of the two mode functions (see Fig. 4(c) ). While the non-uniformity of the magnetic field complicates the interpretation, it does indicate that BLS by magnetostatic modes can be tailored by the application of controlled nonuniform magnetic fields.
For the {712} mode, we measure similar BLS strength to the {110} (see Fig. 4(b) ). However, the microwave coupling to the {712} is much weaker than that to the {110}. This can be seen from the fact that the ratio of the observed depth of the microwave resonances ≈ 1/8 (see Fig. 3(c) ), while the internal Q-factors are approximately equal [27] . Thus, the optomagnonic coupling must be stronger, in order that the BLS is comparable. This is consistent with calculations that show that the optomagnonic coupling for the {712} mode is 3-4 times larger than for the {110} mode.
VII. CONCLUSIONS
In conclusion, we have measured cavity enhanced BLS from magnetostatic modes other than the uniform Kittel mode. We find reasonable agreement with the recently determined selection rules based on the axial rotational symmetry of the system [15] . If microwave coupling to higher order modes can be optimized, the stronger optomagnonic coupling strength could be exploited. This offers a possible route to achieving larger microwave-to-optical conversion efficiency.
Our experimental results are in broad agreement with a recent paper [28] covering related experiments.
